The three loop ladder diagram is a graph with six links and four cubic vertices that contributes to the D 12 R 4 amplitude at genus one in type II string theory. 
Introduction
Scattering amplitudes in type II string theory in ten dimensions lead to terms in the effective action which are analytic as well as non-analytic in the external momenta, in the low momentum expansion. The coefficients of these various contributions at genus g are of the form c g e −2(1−g)φ , where φ is the dilaton and c g are constants. At every genus, these constants are obtained from the explicit calculation of worldsheet correlation functions. At genus one, these involve inserting the various vertex operators on the toroidal worldsheet, computing the correlators taking care of various zero modes, integrating over the positions of the integrated vertex operators and finally integrating over the fundamental domain of SL(2, Z) parametrized by the complex structure of the torus. Thus this boils down to calculating integrals of the form f (τ,τ ; s ij ) (1.1)
where F is the fundamental domain of SL(2, Z) given by
and f (τ,τ ; s ij ) is modular invariant which depends on the Mandelstam variables s ij = −(k i + k j ) 2 , where k i is the momentum of the state i. Such expressions contain terms analytic as well as non-analytic in s ij . The non-analytic terms arise from the boundary of moduli space.
To obtain both these contributions, the region in (1.2) is split into two regions: (i) τ 2 ≤ L, and (ii) τ 2 > L, and each region is analyzed separately. Clearly the L dependence cancels in the final answer, which is taken very large in the analysis. Thus the region (i) involves contributions from the bulk of moduli space, and here f (τ,τ ; s ij ) is expanded around s ij = 0 to yield various analytic terms in the amplitude. Region (ii) as L → ∞ yields contributions from the boundary of moduli space where the integral is performed by using the asymptotic expansion of f (τ,τ ; s ij ). Note that this part of the analysis is non-perturbative in s ij .
Apart from determining these coefficients, these calculations assume significance in the context of U-duality of the toroidally compactified type II theory. The U-duality covariant moduli dependent coefficients of the various terms in the effective action admit a weak coupling expansion, and the result for the genus one amplitude in the appropriate dimension must match the worldsheet calculation. Thus the perturbative calculations are intricately tied to the non-perturbative duality symmetry of the theory. In particular, for certain BPS interactions, one obtains exact expressions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] which match expectations from string perturbation theory [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
Our focus is on the analytic part of the four graviton amplitude at genus one in ten dimensions, the low momentum expansion of which yields the genus one contribution to the D 2k R 4 interactions. At every order in the momentum expansion, this yields integrals involving certain SL(2, Z) invariant integrands. Hence each integrand is an SL(2, Z) invariant non-holomorphic modular form. The structure of each integrand is determined by the topology of the various graphs on the toroidal worldsheet. These graphs arise from the low momentum expansion of the string amplitude which involves bringing down powers of the scalar Green function from the Koba-Nielsen factor. Thus the links along these graphs are the Green functions that connect the vertices, while the vertices of the graphs are the positions of insertions of the vertex operators on the toroidal worldsheet. This leads to graphs with various topologies arising from various ways of connecting the vertices. Thus an analysis of these integrands is important in order to calculate string amplitudes. They also provide a rich arena for studying modular forms in mathematics which is interesting in its own right.
At leading orders in the momentum expansion, the various integrands that arise upto the D 10 R 4 interaction have been shown to obey a rich structure of Poisson equations by analyzing their detailed properties [31] [32] [33] [34] and their contributions to the effective action have been evaluated [31, 35] . Now among the various terms that arise for the D 12 R 4 interaction, there are only two contributions which involve graphs with cubic vertices that did not arise at lower orders in the momentum expansion. These are the Mercedes and three loop ladder diagrams given in figures 1 and 2 respectively. Both of them have four vertices and six links connecting them. [36] , which was obtained by expressing it directly in terms of integrated Green functions on the torus and using its various properties, which is very different from the line of analysis in [32, 34] . Using the same techniques we obtain the Poisson equation satisfied by the three loop ladder diagram L. The source terms in this equation involve several one, two and three loop diagrams with specific topologies. However, compared to the source terms in the Poisson equations for the diagrams upto the D 10 R 4 interaction as well as the Mercedes diagram, there is a difference. While all the other source terms in the various equations involve diagrams containing only the Green functions, the Poisson equation for the three loop ladder diagram has a source term that involves one holomorphic and one antiholomorphic worldsheet derivative acting on different Green functions in that diagram. The derivatives in this diagram, which is a five point function, cannot be removed. Like the other diagrams in the source terms for the various Poisson equations which either arise in the expressions for multi-graviton amplitudes or are expected to do so, this term is also expected to arise from such an amplitude. This turns out to be the case, and this is indeed a term that arises in the expression for the five graviton amplitude [37] . Thus we see how the structure of various multi-graviton amplitudes get intricately related.
We begin with a brief review of the four graviton amplitude at genus one in type II string theory. We then derive the Poisson equation for the three loop ladder diagram using various properties of the Green functions. Manipulations of these Green functions lead to several non-trivial identities among diagrams involving different topologies. We deduce some identities of this type in the final section, and look at some simple examples.
The four graviton amplitude in type II string theory at genus one
The four graviton amplitude at genus one in type II superstring theory in ten dimensions is given by
Here the Mandelstam variables s, t, u satisfy the on-shell condition
Also we have defined the measure d 2 τ = dτ 1 dτ 2 . The factor F (s, t, u; τ,τ) which encodes the worldsheet moduli and momentum dependence is given by
where z (i) (i = 1, 2, 3, 4) are the positions of insertions of the four vertex operators on the toroidal worldsheet Σ. Thus
for all i. In (2.6), the expression for D is given by
whereĜ ij is the scalar Green function on the torus with complex structure τ between points z (i) and z (j) , and soĜ
Its explicit expression is given by [21, 24] G(z; τ ) = −ln
Note that the z independent zero mode given by the second term in the second line of (2.10) cancels in the whole amplitude, which follows from the expression for D in (2.8) on using s + t + u = 0. Thus in the expression for D we simply replaceĜ(z; τ ) by G(z; τ ) where
where G(z; τ ) is modular invariant, and single valued. Thus
It is the Green function G(z; τ ) that arises in the expressions for higher point graviton amplitudes as well which follows from the modular invariance of the amplitudes. As mentioned in the introduction, in (2.4), F is split into
where F L is defined for τ 2 ≤ L, and R L is defined for τ 2 > L. Thus the analytic part of the amplitude is given by
Hence performing an α ′ expansion gives us
where
and
Thus we see that j p,q (τ,τ ) is obtained after integrating over the insertion points of the vertex operators and encodes the topologically distinct ways the scalar propagators are connected on the toroidal worldsheet.
The three loop ladder diagram first arises at order D 12 R 4 in the low momentum expansion. It is given by
as given in figure 2 . The contribution of the ladder diagram 2 to the D 12 R 4 interaction is given by (see equations (C.5) ad (C.6) in [24] )
In obtaining these numerical factors, we have used the equality (4.49) to include the contributions from both these diagrams.
The Poisson equation for the three loop ladder diagram
We want to derive the Poisson equation the ladder diagram (2.18) satisfies. To do so, we make use of the various properties satisfied by the Green function on the torus (see [31, 36] for various details). We find it very useful to use the relations satisfied by them under the variation of the Beltrami differential µ. We have that
Also the SL(2, Z) invariant Laplacian is defined by
The Green function satisfies the equations
which is repeatedly used in our analysis.
In the various manipulations, we often obtain expressions involving ∂ z G(z, w) where z is integrated over Σ. We then integrate by parts without picking up boundary contributions on Σ as G(z, w) is single valued. Also we readily use ∂ z G(z, w) = −∂ w G(z, w) using the translational invariance of the Green function. Finally, we have that
which easily follows from (2.11).
In the various expressions, for brevity we write
Now from (3.22) we have that
These four topologically distinct contributions are given in figure 3 . In these diagrams, µ along a link stands for ∂ µ , whileμ stands for∂ µ .
In our analysis below, it shall be very convenient to depict the various relations using diagrams. The notations for holomorphic and antiholomorphic derivatives acting on the Green function are given in figure 4 . From the structure of (2.11) it follows that one particle reducible diagrams vanish and hence we ignore them. Also diagrams of the form given in figure 5 for any A, or its complex conjugate vanish as they are total derivatives, and we ignore them as well.
We now consider each of the contributions from (3.27) that lead to (3.26) separately.
The contribution from L 1
We first consider the contribution coming from the diagram L 1 . From (3.20), we see that it contains two ∂s and two∂s, which is the starting point of our analysis for L 2 , L 3 and L 4 as well. To begin with, we manipulate the four derivatives using (3.20) to integrate by
parts and then use (3.23), to express L 1 in terms of diagrams containing only one ∂ and one∂. This is given by
which is given in figure 6 . Here X 1 , X 2 and X 3 are five point functions defined by 29) which are given in figure 7 . We first manipulate the expressions involving X 1 and X 2 to derive the relation We also get that
where the various diagrams on the right hand sides of (3.30) and (3.31) are defined in the appendix. Again use is made of the relations (3.20) and (3.23) to obtain this equation, which is also true of the various equations later. Note that in this analysis as well as later, some graphs which arise at the end of the analysis factorize on using the explicit expression in (2.11).
(i) (ii) (iii) Figure 7 : The diagrams (i) X 1 , (ii) X 2 and (iii) X 3
Thus finally we get that
which is given in figure 8 . Thus L 1 is expressed completely in terms of diagrams with no derivatives. 
The contribution from L 2
We now consider the contribution from L 2 . Reducing the number of derivatives from four to zero and two, at an intermediate step we get that
as given in figure 9 . Here Y is a five point function defined by
as given in figure 10 . 
where L is the ladder diagram, and the others are defined in the appendix. Thus we have that
Hence the final expression for L 2 involves no diagrams with any derivatives as given in figure 11 . 
The contribution from L 3
We next consider the contribution from L 3 . Again proceeding along the lines of the above analysis, we get that
which is given in figure 12 .
The contribution from L 4
Finally we consider the contribution from L 4 , which is the most involved one. Unlike the other cases, it is difficult to express L 4 in terms of diagrams with only two derivatives starting directly from the one given in figure 3 . Hence for this case we proceed differently. We consider an auxiliary diagram with six derivatives (three ∂s and three∂s) which trivially reduces to L 4 . On the other hand the this new diagram is such that it can be 
as given in figure 13 . Now the integral over the position 5 can be done trivially leading to This is obtained by simply putting the neighboring ∂ and∂ derivatives on the same line and using (3.23). However we can also calculate Z differently by allowing the various derivatives to run along the various links. This gives us contributions to Z having diagrams involving at most two derivatives, and we have that
where Z 1 and Z 2 are defined by
which is given in figure 14 . Hence the relation (3.40) is given in figure 15 . We now calculate the sum of Z 1 and its complex conjugate leading to further simplifications. Using the relation
from (3.35) we get that
Next we calculate the sum of Z 2 and its complex conjugate which also simplifies. To do so, we start with the diagramZ defined bỹ
which is given in figure 16 . We evaluate it in two ways, one way using (3.23) for the ∂ and ∂ on the same link, and the other by moving them around. This leads to 4 6 d d 4 6 Figure 16: The diagramZ
Thus we see that the contributions involving Z 1 , Z 2 and their complex conjugates all reduce to diagrams with no derivatives. Hence from (3.39) and (3.40) we see that the only contribution to L 4 which involves two derivatives is from the diagram V 2 , leading to
as given in figure 17 . Now V 2 is a contribution whose two derivatives cannot be removed. In fact, we obtain the relation
from manipulating the diagram V 4 which is defined in the appendix. This relation is given in figure 18 . Now V 4 is precisely one of the 7 elements of the basis of diagrams involving two derivatives in the expression for the five graviton amplitude at genus one [37] . For these 7 diagrams, the derivatives cannot be eliminated. We see that V 2 and V 4 are equal upto terms where the derivatives can be eliminated. Thus like the other source terms in the various Poisson equations, this term has an interpretation as well in terms of multi-graviton amplitudes. Such kind of a term where the derivatives cannot be removed did not arise in the Poisson equations for the four graviton amplitude at lower orders in the momentum expansion, and it first shows up at this order. It was also not present in the Poisson equation for the Mercedes diagram.
Thus adding the various contributions, we see that the ladder diagram satisfies the Poisson equation
which is given in figure 19 .
Some relations among diagrams involving different topologies
Any term in an amplitude at a fixed order in the low momentum expansion has several diagrams of different topologies that result from contracting the various Green functions (and the derivatives that can come associated with it) that arise in the expression for the genus one string amplitude. These are given by graphs with the same number of links, but can have different number of vertices. This is because the number of links is given by the number of Green functions which is fixed at a given order in the low momentum expansion, while the number of vertices is given by the number of vertex operator insertions points that are connected by the Green functions, and hence need not be the same for every diagram. We saw the appearance of several such diagrams in our analysis above. Now topologically inequivalent diagrams can be related. Several such relations have been given in [31] involving equations for such diagrams with a fixed number of links.
In this section, we shall consider a simple diagrammatic treatment using the properties of Green functions to arrive at certain equalities involving topologically distinct diagrams. Proving these equalities directly from the expressions for the relevant diagrams is involved, however we shall see that they follow in a simple way from our analysis. We shall look at some elementary cases to illustrate the point, though the method can be used to derive other relations as well.
Consider the equation that is given in figure 20 , where the blobs A, B and C do not involve any ∂ or∂. It leads to an equality between three diagrams with three blobs which contain no ∂ or∂. While this relation is easily obtained, it leads to equalities between diagrams with different topologies for arbitrary choices of A, B and C. We now diagrammatically write down some consequences of this equality for specific choices of A, B and C.
For diagrams with 6 links, this leads to the relation in figure 21 . Thus (we use the notation of [24] , where
leading to an equality involving diagrams for the D 12 R 4 interaction. In fact, the leading Figure 21 : An equality between diagrams with 6 links terms in the large τ 2 expansion indeed match, and are given by [24] 
For diagrams with 7 links, we get the equations in figure 22 . The equality involving four point functions equates diagrams relevant for the D 14 R 4 interaction, while that for five point functions equates diagrams relevant for the D 12 R 5 interaction. 
A Relevant diagrams for the Poisson equation
The Poisson equation for the ladder diagram needs several diagrams apart from the ladder diagram itself given in figure 2 . We list them in this appendix. In the various diagrams, the link joining vertices i and j is the Green function G ij . All the vertices are integrated The diagram with two vertices T 2 is given in figure 24 . It is defined by
(A.51)
A.2 Diagram with three vertices
The diagram with three vertices T 3 is given in figure 25 . It is defined by 
A.3 Diagrams with four vertices
Apart from the ladder diagram L itself, the other diagrams with four vertices F 1 , F 2 and F 3 are given in figure 26. They are defined by 
A.4 Diagrams with five vertices
The diagrams with five vertices V 1 , V 2 and V 3 are given in figure 27. They are defined by 
(ii) (iii) Figure 27 : The diagrams (i) V 1 , (ii) V 2 and (iii) V 3
We also consider the diagram V 4 (this is called D ∧∂ 11111 in [37] , upto an overall sign)
which is needed in the main text. It is given in figure 28 . The diagram with six vertices S 1 is given in figure 29 . It is defined by 
